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We present experimental and theoretical results for electron-impact-induced ionization and excitation of
helium atoms. Using a high-sensitivity and high-resolution (e, 2e) spectrometer, we measured the differential
cross sections of ionization-excitation of He to the n = 1−5 states of He+ at an impact energy of 600 eV. The
experimental results are compared with 4-body distorted wave (4DW) calculations and first Born approximation
(FBA) calculations. It was found that 4DW can well describe the shapes of the cross sections of the ionization
with a simultaneous excitation. The cross-section ratios of excited states n = 2−5 to the ground state n = 1 were
underestimated by FBA and 4DW calculations, indicating the need for further improvement of the theoretical
methods.
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I. INTRODUCTION

In contrast to the profound theoretical knowledge based
on very precise experimental data that has been achieved for
the static structure of atoms and molecules, our knowledge
for the dynamic problem is rather limited [1], even for a
very simple system, such as the dynamics of the electronimpact ionization. Recently, the experimental techniques and
theoretical methods have improved greatly for treating the
ionization problem [2–12]. The helium atom, the simplest
many-electron system with correlation effects that need to be
taken into account, has been extensively explored as the target
of electron-impact ionization [2–25]. The theory has reached
a sufficient degree to describe the electron-impact ionization
of helium with the residual ion He+ at its ground state [3,5].
However, the ionization with simultaneous excitation of He
still remains a considerable theoretical and computational
challenge. To date, (e, 2e) experimental and theoretical works
for this process have mostly focused on the final He+ ion
states with n = 2,3 [7,13–16,23–25], primarily due to the
small cross section involved and the demanding energy
resolution needed for discriminating the different final ion
states. The only exception is that of Bellm et al. who report the
(e, 2e) ionization-excitation of He for n = 1−4 with coplanar
geometry [26].
The experimental and theoretical works of ionizationexcitation of He have been excellently reviewed by Bellm
et al. recently [26]. Here, we only briefly summarize the
works performed under coplanar or noncoplanar scattering
geometry under electron momentum spectroscopy (EMS)
conditions of high impact energies and high-momentumtransfer collisions [27–31], which were also used in the present
work. The early EMS experiments of the helium ionization
and excitation process were performed by Cook et al. [18] and
Lermer et al. [20] at the impact energy 1200 eV. Recently, our
group [23] and Watanabe et al. [24] performed the experiment
at impact energies that varied from 1000 to 4260 eV using a
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high-efficiency generation EMS spectrometer. The data with
high statistical accuracy provided a more stringent test for
the theoretical models. However, only the results of n = 2,3
were reported due to the limitation of the energy resolution.
Recently, we have improved the energy resolution and angle
resolution of our (e, 2e) spectrometer [31,32], which makes it
possible to measure the higher excited states.
II. THEORETICAL AND EXPERIMENTAL METHODS

In an (e, 2e) reaction, an incident electron with known
energy E i and momentum ki impacts the He atom, and the two
outgoing electrons are detected in coincidence to determine
their energies and momenta. The energy and momentum of
the scattered projectile are noted as E f and kf , and E e and ke
for the ejected electron. Using the conservation of energy and
momentum, we have
q = ki − kf − ke ,

(1)

Eb = Ei − Ef − Ee ,

(2)

where q is the recoil momentum, and Eb is the binding
energy. Our (e, 2e) takes the symmetric noncoplanar geometry,
in which the two outgoing electrons have equal energies
(Ef ≈ Ee ) and equal polar angles (θf = θe = 45◦ ). φ is
the relative azimuthal angle between the ejected electron and
the momentum transfer from the projectile to the target atom
(see Fig. 1). The recoil momentum q can be given by


 2 1/2
√
√
2
φ
q = [ki − 2kf ] +
2kf sin
.
(3)
2
In our high-resolution and high-efficiency spectrometer,
the electron gun equipped with an oxide cathode generates a
well collimated electron beam with a low-energy spread. The
electron beam impacts the He gas sample, which is introduced
through a gas tube. The double toroidal energy analyzers
equipped with the two-dimensional position sensitive detectors
are employed to measure the energies and angles of two
outgoing electrons [31,32]. The energy resolution is 0.65 eV
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where r 1 is the distance from the projectile to the target
nucleus, r 12 is the distance from the projectile to one target
electron, and r 13 is the distance from the projectile to the
second target electron.
The initial-state wave function i4DW is written as a product
of the incident projectile wave function χi (r1 ) and the target
helium atom wave function i (r2 ,r3 ),
i4DW = χi (r1 )

r2 ,r3 ).
i (

(7)

The final-state wave function is written as a product of
the scattered projectile wave function χf (r1 ), the ejected
electron wave function χe (r2 ), the residual He+ ion wave
function ϕnlm (r3 ), and the postcollision Coulomb interaction
(PCI) between the scattered projectile and the ejected electron
C (r12 ). Then,
f4DW = χf (r1 ) χe (r2 ) ϕnlm (r3 ) C (r12 ) .
FIG. 1. (Color online) The noncoplanar sysmmetric geomety for
studying (e, 2e) reaction.

[full width at half maximum (FWHM)] at the impact energy
of 600 eV and the azimuthal angle resolution φ = ±0.90◦ ,
the acceptance of polar angle θ = ±0.60◦ , which make it
possible to measure the higher excited states.
In the present work, we report the differential cross sections
of ionization-excitation of He for n = 1−5 and beyond at
the impact energy of 600 eV plus the binding energy. The
commercially available helium gas with a purity 99.995% was
used, and the vacuum level was kept at 4 × 10−4 Pa during
the measurements. The sample gas pressure in the reaction
cell was estimated as 10−3 Pa accordingly. The experimental
results were obtained by accumulations of data for 4 weeks to
reach the good statistical accuracy. The experimental results
are compared with 4-body distorted wave (4DW) calculations
and first Born approximation (FBA) calculations [33]. The
cross-section ratios of n = 2,3,4,5 to n = 1 are also reported
in comparison with the theoretical calculations.
The full explanation of the 4-body distorted wave (4DW)
and first Born approximation (FBA) models can be found
in [33], and we present here only the necessary details. For
both the 4DW and FBA models, the fully differential cross
sections (FDCS) for electron-impact excitation-ionization of
helium is given by
kf ke
d 3σ
= μpa μie
|Tf i |2 ,
d1 d2 dE2
ki

(4)

where μpa is the reduced mass of the projectile and target
atom, and μie is the reduced mass of the He+ ion and the
ejected electron. The 4DW transition matrix Tf i is given by

Tf4DW
(5)
= f4DW Vi − Ui i4DW ,
i
where i4DW is the initial-state wave function, f4DW is the
final-state wave function, and (Vi −Ui ) is the perturbation.
The initial-state Coulomb interaction between the incident
projectile and the target atom is Vi , which is given by
−2
1
1
+
+
,
Vi =
r1
r12
r13

(8)

For the target helium atom wave function, we use a
20-parameter Hylleraas wave function that includes both
radial and angular correlations [34]. All continuum particle
wave functions χi (r1 ) ,χf (r1 ) ,χe (r12 ) are treated as distorted
waves. The distorting potential used to calculate the incident
projectile wave function is Ui , which is a static spherically
symmetric Hartree-Fock potential that is a spherical approximation to Vi . Therefore, the term Vi –Ui in (5) represents
the nonspherical part of the initial-state projectile–atom
interaction. The distorting potential used to calculate the two
final-state distorted waves is a spherically symmetric potential
calculated from the final-state He+ wave function.
The postcollision interaction is given by
C (r12 ) =

(1 − iη) e−πη/2 1 F1 (iη,1, − ik12 r12 − i k12 · r12 ),
(9)

where is the gamma function, η is the Sommerfeld parameter
μ
given here by η = k12pe , 1 F1 is a confluent hypergeometric
function, and k12 is the relative momentum between the
scattered projectile and the ejected electron. The final-state
He+ ion wave function ϕnlm (r3 ) is simply a hydrogenic
wave function with a nuclear charge of 2, for the specific
n, l, m excited state being studied. We note that while we
label electron 2 as the ionized electron and electron 3 as
the bound He+ electron, our actual calculations properly
account for the indistinguishability of these two electrons by
antisymmetrizing f4DW .
The FBA calculation also uses a 20-parameter Hylleraas
wave function for the target helium atom, and treats the ionized
electron as a distorted wave. However, the FBA model treats
the incident and scattered projectiles as plane waves, and does
not include the postcollision Coulomb interaction. Because the
incident projectile is a plane wave in the FBA model, there is
no initial-state distorting potential, making Ui equal to zero.
Thus, the FBA T matrix is given by

TfFBA
(10)
= fFBA Vi iFBA ,
i
where

(6)
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and
fFBA = βf (r1 ) χe (r2 ) ϕnlm (r3 ) .

(12)

Here, β (r ) represents a plane wave and χ (r ) represents a
distorted wave. Comparison of the 4DW and FBA models
shows that the two atomic electrons are treated exactly
the same in both models, while the projectile interactions
are treated differently. Specifically, in the FBA model, all
projectile-target interactions are ignored, as is the postcollision
Coulomb interaction between the projectile and ionized electron. Another significant difference in the two calculations is in
the computational resources required for the calculations. The
FBA model calculates a six-dimensional numerical integral,
while the 4DW model calculates a nine-dimensional numerical
integral, making the 4DW calculations very numerically
intensive.
In the results presented here for excitation-ionization,
the individual angular momentum state of the He+ ion is
not known. Therefore, theory must sum over all angular
momentum and magnetic substates for a given n value.
However, we have found that only the s and p states provide a
meaningful contribution to the sum. The higher d, f , g, etc.,
states are three to six orders of magnitude smaller than the
s and p states. Therefore, because the computational cost of
these calculations is quite high, the sums shown here contain
only the s and p states.

III. RESULTS AND DISCUSSION

Figure 2 shows the binding energy spectra at impact energy
of E0 = 600 eV plus binding energies, which were obtained
by integrating all azimuthal angles φ. For extracting the
differential cross-section for each He+ ion state, the spectra at
a series of angles φ were fitted by eight Gaussian peaks individually. The positions of those Gaussian peaks are the binding
energies of the transition to n = 1,2,3,4,5,6,7 states of
He+ , i.e., Eb = 24.6,65.4,73.0,75.6,76.8,77.5, and 77.9 eV,
respectively. A common width of 0.65 eV was used (FWHM)
for all Gaussian functions. The Gaussian peak at 78.8 eV
with a broader width (FWHM = 1.0 eV) is used to stand for
the ionization intensity of the transitions to the higher than
n = 7 of He+ states but below the double ionization limits
(n = 8−∞). The solid line is the sum of these Gaussian
peaks. Only the differential cross sections for n = 1−5 were
individually compared to the theoretical calculations due to the
smaller energy gaps and lower intensity for the higher states
(n  6).
Figure 3 shows the experimental differential cross sections
in comparison with the theoretical calculations using the
4DW and FBA methods. The calculated intensities have been
multiplied by a common factor for best fitting the experimental
distribution because the experimental intensities are in a
relative scale. The factor was globally used for the other
peaks. It can be seen that the 4DW and FBA calculations
have nearly identical shapes for n = 1, but the FBA is a
factor of 1.25 larger than the 4DW calculation. This feature has
been previously observed for single ionization [21,29,31]. For
a better comparison of shapes, the FBA calculated intensity
has been multiplied by a factor of 0.8. The use of distorted

FIG. 2. (Color online) Binding energy spectra of He obtained at
the impact energies of 600 eV plus binding energies. The intensity of
peak n = 1 is scaled by a factor of 1/50 (a); an expanded view of the
spectra in the energy range of 70–82 eV (b).

waves typically decreases the magnitude of the cross sections
compared to the use of plane waves. There is a slight
discrepancy between the FBA calculated distribution and the
observed one for n = 1 when φ > 20◦ . However, the 4DW
calculation is in excellent agreement with the experimental
distribution. The difference is mainly due to the distorted wave
effects. The larger angle φ means the larger recoil momentum,
which is mainly contributed from the electron closer to the
nucleus, thus is more easily influenced by the Coulomb
potential. Generally, both 4DW and FBA calculations can
provide a very good description of the differential cross-section
for He+ at its ground state (n = 1).
Figures 3(b)–3(e) show the differential cross section for the
transition to n = 2−5 excited states of He+ . The scale factor
for the theoretical results is the same as that used in Fig. 3(a).
For the excited states, it is obvious that all calculations
underestimate the experimental intensities. Nevertheless, the
predicted shapes look similar to the experimental distributions.
For a better comparison, the theoretical results were rescaled
by another factor to better compare with the shape of the
experimental distributions, as shown by the dashed lines (4DW
in red, and FBA in blue). The rescaled factors were labeled
in each panel. As Fig. 3(b) shows, after being multiplied
by a factor of 1.73, the 4DW calculation better reproduces
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intensity for n  6 was plotted in Fig. 3(f). The 4DW and FBA
calculations have not been conducted for comparison of n  6
due to the very high computational cost.
Normalization issues aside, the shape agreement between
experiment and theory is quite good, especially for the 4DW
model. The FBA results fail to predict the relatively flat shape
from φ = 0 to φ = 10◦ , and also predict too sharp of a decline
in the cross section as φ increases. At these projectile energies,
the difference between a plane wave and a distorted wave
treatment should be small, and the better shape agreement
between the 4DW model and the experiment is most likely
due to the inclusion of PCI. Specifically, for large φ, the
two outgoing electrons are closer together than for smaller φ,
making PCI more important at large φ. We confirmed that this
is the case by performing a calculation using the 4DW model
without PCI for the n = 2 case. This 4DW–no PCI calculation
more closely resembled the FBA calculation at large φ.
Figure 4 allows us to more fully explore the magnitude
discrepancies of the n > 1 cross sections because there are no
normalization factors involved. The differential cross section
for each excited state (n = 2−5) was divided by the differential
cross section for n = 1. These ratios clearly show that both the

FIG. 3. (Color online) Differential cross sections for electronimpact ionization of He with a transition to the final-state He+ with
n = 1(a), n = 2 (b), n = 3(c), n = 4(d), n = 5(e), and n = 6−∞
(f) at the impact energies of 600 eV plus binding energies. The
solid theoretical curves were scaled by a common factor that was
determined by best fitting the experimental distribution of n = 1.
The dashed lines are the theoretical curves multiplied by another
factor for comparing the shapes of calculated distributions with the
measurements. See text for details.

the experimental distribution of n = 2, but there is still a
significant discrepancy between the FBA calculation and
experimental results. The predicted intensity by the FBA
method declines too sharply as the angle φ increases. There is
a similar situation for n = 3 except that a larger rescale factor
of 2.7 is needed for the 4DW calculation. This underestimation
gets worse with increasing n. The rescale factor became 3.3 for
n = 4, and 4.0 for n = 5. This feature has also been previously
observed with our 4DW calculations [24,26,27]. Previous
calculations for single ionization and excitation-ionization
using our 4DW and FBA models have shown that our models
tend to predict cross sections that are too large for n = 1,
and too small for n > 1 [29,31]. The magnitude discrepancies
observed for n > 1 might be at least partially due to an
overestimation of the n = 1 theoretical cross sections, which
were used to normalize the experimental data. The summed

FIG. 4. (Color online) Differential cross-section ratios for
ionization-excitation of He: n = 2/n = 1 (a), n = 3/n = 1(b),
n = 4/n = 1(c), n = 5/n = 1(d), and sum(n  6)/n = 1 (e). The
theoretical ratios calculated using the 4DW (red line) and FBA (blue
line) methods were plotted in comparison.
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4DW and FBA models underestimate the experimental ratios.
Again, this is something that has been observed before with our
models [25,33,35], although the cause of the underestimation
is still not understood. The discrepancies might be due to some
effects that the 4DW and FBA have not included. The 4DW
model more accurately predicts the shape of the experimental
ratios, especially at large φ, which can again be attributed
to the inclusion of PCI. It is interesting to note that Dal
Cappello et al. calculated the differential cross sections using
BBK (Brauner, Briggs, and Klar, also called the CCC method)
model in comparison with the experimental results [15]. They
individually normalized the data for comparing the shape of
the cross section. Both BBK and our 4DW calculations can
well describe the shapes. Moreover, the second-order Bornapproximation (SBA) calculations by Watanabe et al. are in
excellent agreement with the observed cross section for n = 2
at the impact energies 4260 and 2080 eV, and the agreement
became worse at the impact energy 1240 eV. It should be noted
that our FBA and 4DW models are known to have difficulty
when ejected electron energies are low or the scattering
angle is large [25,26,33], and both models lack secondand higher-order projectile-target interactions, which can be
important for the excitation-ionization process. The present
study clearly shows that there is still room for improving the
theoretical models for calculating the ionization-excitation of
helium.
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