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Chapter1

Introduction to Quantum Information

Quantum computer is regarded as the most powerful computing machine in the
near future. It can handle such problems which are impossible to be solved by classi-
cal computer[1]. Meanwhile, security of communication[2] in quantum information

is another aspect attracting researchers.

1.1 Basic Concepts in Quantum Information

In classical computer, the basic unit of computation is bit, as we know, 70"
or 717. They are distinguished by the value of voltage, such as 70" represented by
low voltage while 71" represented by high. However in quantum computer, we have
qubit, which means ”quantum bit”. It is natural to choose different quantum states
as qubit, noting |0) and |1). Fortunately, superposition of states is allowed in the

quantum physics, so we can realize a state,

) = a[0) + 5[1) (1.1)

where o and 8 are arbitrary complex number and satisfy |a|*> + |5]> = 1. Such

superposition of bits is unreachable in classical computer.

Another basic concept in quantum information is entangle state. Entangle is

the quantum correlations between systems which can not define individual prop-

—1-
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erties. Mathematically, an entangle state can not be written as the product of
individual states. Such as Bell State and GHZ state, they are well-known entangle
state. Entangle state is the essential component in quantum information, especially

in quantum communication.

1.2 Requirements of Quantum Computation

To realize universal quantum computation protocols, there are several necessary
requirements|[3]:
1. state initialization of the qubits
2. long-lived coherences
3. universal set quantum gates
4. efficient qubit measurement
5. scalable to large number of qubits
There are several systems proposed to realize the quantum computation: su-
perconductor circuits[4], quantum dots and dopants[5], ion trap system|[6], optics[7],
Nuclear Magnetic Resonance (NMR)[8], and so on. The ion trap system is what we

now focus on.

1.3 Advantages of Ions Trap System

Comparing with other systems, the ion trap system has its own advantages:
Realize the initialization of ion state by optical pumping
Have long life time in the trap
Have the longest coherence time among known physical system

Detect with high efficiency over 99%

SAREE R .

Control over internal and external degree easily



Chapter 2

Dynamics in Ion Trap System

2.1 Paul Trap

For a ion trap system, primary thing to realize is the trapping of ion. The
electric field is first choice because of the charges with ion. According to the Maxwell
Equations, a single ion cannot be trapped in a purely static electric field. To satisfy

the equation in free space:
V-E=0 (or A® =0) (2.1)

it means that a electric field line enters into the region must go out the region. This
requirement leads the result that a purely static electric field cannot trap a ion in

all three dimensions. So other way is required.

One popular form of ion trap is Penning Trap[9], which combines static electric
field and magnetic field together. Another form is called as Paul Trap[10], using
spatially time-dependent electric field, typically oscillating at radio frequency (RF).

In our setup, we use four-electrodes trap, one type of Paul Trap.

Seeing our setup in Figure 2.2, a radio frequency source is connected to the
trap through amplification and helical resonator. An ion pump and a Ti sublimation
pump are connected to the trap to make ultra-high vacuum environment lower than

10~ torr.
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Figure 2.1: Four-electrodes Paul trap by courtesy of [11]

Figure 2.2: ITon trap used in CQI.

The potential of trap near axis is, generated by electrodes[12]:

2?2 — y?
)

RQ

O(x,y,t) = % cos (Qrt)(1 + (2.2)
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Figure 2.3: Hyperbolic electrodes. The resulting potential is shown for ¢ = 0.

2.2 Pseudopotential: Harmonic Potential

Based on (2.2), we consider how ion moves in such a trap. Assuming an ion feels
electric field E(x,t) (for convenience considering x direction), the force applying on
the ion is:

F =mi = eE(x,t) = eEy(x) cos (Qrt) (2.3)

if the electric field oscillates in cosine with frequency 2. After integrating over

time, we obtain:
eFEy(z)
m2.

z(t) = xg cos (Qrt) (2.4)

-5
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assuming the initial position of ion is zy. So the ion is oscillating near the zy with

frequency 7. We can expand the Ey(x) for the position near the ion:

Eo(z) = Eo(xo) + 8%;@) (x — x0)
oo (2.5)
= Ey(zo) + OBu(o) eEo(x) cos ()

0xg ( me2,

Because of fast €2p, It is meaningful to consider force applying on the ion for

time average. Obviously after time average, the part of cos (€27t) vanishes. The left

part is:
2
_ E
=3 692 . a()<x)E°
iy OF (2.6)
_ _ %
ox
where we define pseudopotential[13] v, as:
eE?
= 2.7
¥ 4mQ2, (27)
So in general we can derive that:
n G(E_'(l’,?% z))Q
F= —6v¢ (I,y7Z) ¢ ({E,y,Z) =T 02 (28)
P P 4mQ2,
Checking our trap, we have:
‘/0 — —
E(z,y,2) = -V& = —ﬁ(xex — yé,) (2.9)
The time average force applying on ion is:
_ 62%2 . .
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Focusing on one dimension (take x direction for example), we have:

_ B 62‘{?
Fx:mx:—mx

It is easy to notice that the motion equation

21,2
eVo

_C0 .9
2m?Q2% R*

T+
is the equation of a harmonic oscillator with oscillating frequency

T
\/§mQTPﬂ

Wy

So does the y direction.

100"

50f
=
ey
=]
=
s

Pt 0

=]
S
g5
g
3
=

—50}

—100¢

—100

x direction (units of R)

Figure 2.4: The pseudopotential derived from (2.8).

(2.11)

(2.12)

(2.13)
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2.3 Mathieu Equation: Micromotion

Using pseudopotential approximation, we can roughly get the outline of the
ion’s motion in trap, but almost all the details are neglected. It is necessary to solve
the motion equation more rigorous. Actually the precise solution to the dynamics
of single trapped ion has been carefully studied [14].

Insert (2.2) into the motion equation of z direction:

T = —@8—@ (2.14)

m Ox
where m is the mass of ion and Z|e| is the charge, we get the equation:

| Z|eVy
mRR?

T+ xcos (Qrt) =0 (2.15)

Actually it is the form of Mathieu equation:

@r + [az — 2q, cos (2§)]x =0 (2.16)
on substituting:
Qrt 2|ZeVy

In the case |a,|, ¢> < 1, the high orders of the solution to Mathieu equation can be

neglected. The approximate solution is:
x(t) = xg cos (wyt)[1 — %m cos (Qrt)] (2.18)

where x( is dependent on the boundary condition. w, in this case is:

w :& a _’_Q_;iz%[:QT

T2V 2 2D (2.19)
_1ZleY

\/577LQTR2
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It is equal to (2.13) if we take | Z]| as 1. Obviously this part oscillating with frequency
w, is corresponding to the approximation of pseudopotential. The second part is
still a cosine oscillating part, with frequency €2y and a amplification modulation
factor ¢, /2 < 1. For Qr > w,, the ideal harmonic oscillation is overlapped with a

smaller but faster oscillation, which is called as micromotion.

10-{]r

AW

0.5} \
\
0 0.5 1.0 ' 0 25 3.0

-0.

L

distance from the center (unitsof x;)

I
—
=]

1.5 2
time (us)

0

Figure 2.5: Ideal harmonic oscillation and the solution to Mathieu equation. The
dashed line(red) is the harmonic oscillation, while solid(blue) line shows the result
of micromotion.

2.4 Dynamics in Quantum Mechanics

In experiment we add two addition DC electrodes to confine the micromotion.
So it is proper to regard the ion as a harmonic oscillator. Simply we can get the

Hamiltonian of the motion of the ion in the trap:

. 1
H, = (a'a+ v (2.20)

Furthermore, for a harmonic oscillator, its eigenstates are the set of Fock State |n).
We note they as the motion states of the ion with different energy phonon level |n).

Then, we consider a pair of qubit (| J) and | 1) to distinguish from Fock state)

-9
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as a two level system. It’s convenient to introduce Pauli Matrices:

T=|DE [+ G= A+

(2.21)
o, =i([HA=IDAED =T [-[H{]
So the Hamiltonian of the two level system is:
He = huoy] D)L |+ | 1)1
_ 1, ¢ p e -
2 4

where wy = wy — wy. It is no problem to ignore constant part, to rewrite PA[e as:

i, = h%&z (2.23)

For | |) and | 1), we note they as internal states.

VT 2) | 1,m) v]

(@) wo

[T

[ 4,m) vI

[4)
(b) (c)

Figure 2.6: Motion state and internal state. (a) shows the motion state of an
harmonic oscillator with frequency v, the basis of state is Fock state |n). (b) shows
the internal state of a simple two level system. (c) shows the coupling between the
motion state and internal state.

Noticing that we have motion states |n) and internal states | |) and | 1), we can

easily couple them by laser. So the new space is the direct product of motion space

— 10—



JE R AR AR BB 3L 2.4 Dynamics in Quantum Mechanics

and internal space. The basics are noted as | T,n) and | |, n) (Shown in Figure 2.6).

If we note the Hamiltonian of interaction as I/-L, the total Hamiltonian is:
H=H, +H + H, (2.24)

What we care about is the coupling between motion states and internal states,
therefore we transform into interaction picture with free Hamiltonian }AIO = [/-jm—l—f[ o

Thus the interaction Hamiltonian is:
H, = UjH,Uj (2.25)

where Uy = exp (—(i/h)Hot). We will discuss this in detail in next chapter.

— 11—



Chapter 3

Laser Setup, Ion initialization and Manipulation

3.1 Ytterbium and Laser Setup

It is common to question that why we choose Ytterbium (actually Y 5")
as trapped ion. In fact, several ions, such as Ba™, Bet, Cat,Cd", Mg",Yb", have
been successfully manipulated in trap[13]. All ions mentioned above have a common
feature. They are all hydrogen-like ions. This common point determines that they
have similar level structure. In experiment, it is convenient to realize the transition
through 25 pand 2P 5. Meanwhile, other transitions among 252, Py /2, Dssand

other energy level are also useful.

3.1.1 Laser Setup

The most efficient way to drive the transition is based on laser which energy of
photon (or wavelength) satisfy the energy gap between levels of transition. For our

1Ty’ several lasers we use are listed in the Figure 3.1 (in dashed black line):

- 12—
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Figure 3.1: ™Y b fine and hyperfine structure (to scale), courtesy of [15]. The
369.53 nm laser is used for photoionization (with 398.9 nm laser), optical pumping,
Doppler cooling and detection. 935 nm and 638 nm laser are used to take ion back
from unexpected manifolds.

3.1.2 Hyperfine Qubit

Actually we put '"'YbTin a fixed magnetic field, leading to Zeeman splitting
or hyperfine structure of initial energy level. Here we choose two hyperfine levels as

our qubit (as shown in Figure 3.1):

| 1) = *Si/2, F = 0,mp = 0)
| T> - |251/27F - 17mF - 0)

- 13—
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3.2 Initialization of Ion

Initialization of ion is one of the key step to realize further manipulation. Here

are several steps for initialization.

Laser
System

Vacuum Trap Confinement Control
System System System System

Vv

Detection
System

Figure 3.2: Divisions of our experimental system, courtesy of [16]

3.2.1 Photoionization

In fact '"'Ybtis loaded into the trap by the photoionization of neutral Yb. In
the vacuum chamber (shown in Figure 2.2) the trap and ions guns are included.
After applying current to the ion guns, atom beam is headed into the trap. With
the help of two laser, the photoionization can be successfully achieved.

According to Figure 3.3, one beam is 398.9 nm, which is provided by Topica
diode laser. Another is 369.53 nm which is the SHG laser from a 739.06 nm diode
laser. Additionally, in order to avoid Doppler Effect, the direction of two laser beam

should be approximately perpendicular to the atom beam.

— 14 —
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AT W AAAIIY

chl(198.2 nm)

1

1 —3D
chl(398.9 nm) 1
T=55ns chl{408.3 nm)

Isat = 60 mW/cm2 7T=380ns
¥

3p
P,
chf(555.8 nm)
T=875ns

Figure 3.3: Partial level diagram of neutral Ytterbium atom (to scale). The process
of photoionization is shown by courtesy of [13].

3.2.2 Doppler Cooling

After photoionization, we apply Doppler cooling[17] to the trapped 'Y b*by
369.53 nm laser, which is slightly red detuned from 25 5| F = 1) — %Py s|F = 0).

For a incident light to be red detuned from resonance, because of Doppler
Effect, the light frequency an atom feels is closer to resonance if an atom moves
towards than it moves away. Considering an atom will absorb more photons when

light frequency is closer to resonance, an atom will be slowed down in a certain

—15—
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direction because of absorbing momentum of photons against atom.

However the spontaneous emission is still in random, so scattering in any other
direction can heat the atom rather than cool it. The lowest temperature can be
achieved is[18§]

Al
kT = = (3.2)

where I is the rate of spontaneous emission.

In our case we use %Si5|F = 1) — 2P ;|F = 0) as Doppler Cooling cycle.
Because our laser can cause off-resonance coupling to 2Py 5| F' = 1), the decay will
cause ion trapped in | ), which limits the efficiency of cooling. So we add an
Electro-Optic Modulator (EOM) driven at 7.37 GHz to couple | |) to prevent this.
Furthermore, considering the opportunity of decay from *P;,— D, we still need
laser 935 nm with an EOM driven at 3.07 GHz to bring state back to cooling cycle.

Finally for the S — F' caused by collision, we also need laser 638 nm.

3.2.3 Optical Pumping

It is important to initialize the state in | |) by optical pumping[19]. We use
laser 369.53 nm with an EOM driven at 2.01 GHz, which couples the transition of
281 )9|F = 1) — 2Py j5|F = 1). In this cycle all the state decay back to | J) will be
trapped and can not come back to the cycle. After finite cycles (in our experiment

about 1 us), most of the state will be in | |)

3.2.4 Detection

To do the state detection, we still use 25} 5| F' = 1) — 2P 5| F = 0) transition.
If the ion is at | 1), there will be enough scattering photons. On the contrary, if the

ion is at | J), there will be less photons.

—16 —
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(@) ~ °’BB/21,
-2 12.2095(11) GHz
2P1/2 -
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Figure 3.4: The process of initialization by courtesy of [20]. (a) refers to optical
pumping. 369.53 nm laser with EOM driven at 2.105 GHz is used to coupling of

2Py jo|F' = 1) levels. (b) refers to the detection of the qubit state.
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3.3 Raman Transition

3.3.1 General Theory of Two Level Transition

As we mentioned in last chapter, the total Hamiltonian applying on the ion
can be describe as (2.24). In recent researches of interaction, what we focus on can
be simplified as the transition in a two level system. For running wave light field

case, coupling Hamiltonian can be described as|[14]

~  hQ . .
H, = 7(5’+ + 6_\_) < [6z(kx—wt+¢) + e—z(kx—wt+¢)] (33)

Transforming it into interaction picture in (2.25) way, the interaction Hamiltonian
is
_ @e(i/ﬁ)ﬁet(&\+ + af)e(—i/h)f[et

2 A (3.4)
% e(i/h)Hmt[ei(kE—wt+¢) + e—i(k%—wt—&-(ﬁ)] o~/ Hmt

(i/h)Hym —i/h)Hmt

For part e tzel , it is the transformation from Schrodinger picture to

Heisenberg picture, which means

oli/W Hmtzs (=i/n) Hmt _ Zu(t) (3.5)
According to the derivation in reference [14], we have

k2w (t) ~ n(ae™™ +a'e™) (3.6)

This equation is only established when 7 < 1, (|a,, ¢2| < 1). The parameter 7 is
called as Lamb-Dicke parameter, which is equal to n = kzg = k/h/(2mv). Obvi-

— 18 —
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ously x is the extension of the wave package of ground motion state. Lamb-Dicke
parameter is essential parameter in ion trap system. We confine our experiment in
Lamb-Dicke region for n < 1 (in experiment 1 & 0.098), where harmonic oscillator

can be a ideal approximation.
Now inserting (3.6) into (3.4), in reference [14] the final result is

~ hQ)q . s )
H; = TO(LF exp [in(ae™ "t + alet))e! =% (3.7)

where Qg = Q/(1 + ¢,/2) is the approximation of solution of low orders in Lamb-
Dicke region. And 0 = w—wy is the detuning between light frequency and energy gap
of two level system. Depending on the §, the interaction Hamiltonian will couple
certain internal state (| 1) or | ])) and motion state (|n)). With 6 = +sv, the
interaction Hamiltonian can drive different sideband transition between | |, n) and
| T,n £ s). The coupling strength, or often called as Rabi frequency, is calculated

as

Qn,n-‘,—s - Qn—i—s,n = QO| <TL + $|6in(a+aT) ‘TL>|

2 n.!
= Qe /2! /n_<'L|s|<(n2) (3.8)
>-

where n.(n-) is the smaller(bigger) one between n and n + s. L(n?) refers to
Laguerre function. However, in Lamb-Dicke region, the higher orders of sideband
transition is too small to neglect. What we are interested in are only Oth and 1st
orders, called as carrier transition (for § = 0), red sideband transition (for § = —v)

and blue sideband transition (for 6 = v). The Hamiltonian can be expressed as:

1. Carrier transition between | |,n) and | 1, n)

~ h$) ) )
Heqr = 70(@@@ +5_e7?) (3.9)

—19—
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2. Red sideband transition between | |,n) and | T,n — 1)

~ anQy . . e
H,y = 772 Y(@5 e +alo_e ) (3.10)

3. Blue sideband transition between | |,n) and | T,n + 1)

73 hnSdo

bsb — (6T8+6i¢ + %_€_i¢) (311)

Actually when 7 is small enough the coupling strength or Rabi frequency can be

approximated as

an - QO
Q1 =12V (3.12)
Qn,n—l—l = nQO vn +1

in turn correspond to carrier, red sideband and blue sideband transition. Further-
more, to measure the Rabi frequency of €2y, and €2, we can estimate the value of

Lamb-Dicke parameter with n = Qg 1/0,.

For a initial state [®(0)) = > 2, ¢, J,n), if we drive with blue sideband

transition, the possibility that ion locate in | 1) over time is:

=1
Prpa(t) = 7; SPnl1 = co8(Qp i) (3.13)
where p, = |c,|? is the initial phonon population in | |,n) phonon level. For

convenience we note | | n) as |n) because what we focus on is the phonon distribution

in | ). At the same way, for red sideband transition, the possibility is:

P, sp(t) = Pl — cos(2, -11)] (3.14)

W
N | —

1

The index begins from n = 1 because the population in | |, 0) can not go anywhere.
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)

N ‘/TUQO

)

Figure 3.5: The process of different sideband transitions. Black lines refer to carrier
transition with nearly same speed. Blue lines refer to blue sideband transition with
ratio v/n + 1. Red lines refer to red sideband transition with ratio \/n.

We find that the phonon distributions oscillate between | |,n) and | 1,n %+ s)
at Rabi frequency €2, ,+,. This is called as Rabi oscillation. We define m pulse
(t —to = m/Qpn+s) which will exchange the distribution of | |,n) and | T,n £ s),
while 7/2 pulse (t — to = 7/28,, n+s) Will exchange the distribution at half.

3.3.2 Stimulated Raman Transition

In experiment we use two photons stimulated Raman transition[18] as an effec-
tive way to drive the coupling between internal state and motion state. Considering
three level system(| |),| 1), |e)) with allowed transitions | |) — |e) and | 1) — |e),
we use two laser beams:

El = é’m“’zﬁ_wlt) +c.c

(3.15)

Eg = gyeilke@—wat) 4 ¢ o

which are detuned by A, from |e).

—-921 —



Chapter 3  Laser Setup, lon initialization and Manipulation 6K FAR A AR 3L

F=1
2F:"HE

F=0

Figure 3.6: Stimulated Raman transition of 'Y b+,

Noting Ak = Ky —ky and Aw = Wy —wy = wp+ dw, courtesy of [14], the effective
Hamiltonian applying on the ion is:

KOG, +56.)

Hepyp = — 5

(HARP=Butt6) | =i AkT—Awt+9)) (3.16)

where () is the Rabi frequency which represents the coupling strength between
| 1),| 1). Noticing that (3.16) is in the same form of (3.3), so in the similar way,
stimulated Raman transition can drive sideband transition to couple motion state
and internal state, where the 6 = A — wy determines the type of the sideband
transition.

With the realization of sideband transition by stimulated Raman transition, re-
solved sideband cooling (RSB)[21] is an important sub-product. In fact, the phonon
distribution of motional state reflects the motion of the ion, which is related to the
temperature of the ion. Actually the relationship between temperature of the ion
and phonon distribution is: kgT = (n)hv, where (n) = > np, is defined as average
phonon number. In last section, we introduce Doppler cooling to cool the ion. How-

ever, because of Doppler cooling limit, the average phonon number after Doppler
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3.3 Raman Transition

cooling is still around 10. It is not cool enough to realize precise state preparation.

Thus based on sideband transition, we try to realize sideband cooling.

The principle for resolved sideband cooling is very simple. For a initial state

| },n)(n > 0), after series sequences of ideal pure carrier transition and red sideband

transition, it will finally go back, or cooling to | |, 0).

RSB RSB RSB

(T10/Vm) (T Nm=1) (Tyo)
Doppler Optical Optical Optical Optical
Cooling  Pumping Pumping Pumping Pumping

Figure 3.7: Sequence of resolved sideband cooling.

(a)
05
0.4
03
0.2
0l

0.0

(b)

03

r Red Sideband

Carrier

Blue Sideband

-3

-2

0.6)

0.4

0.2

0.0

Blue Sideband

Carrier

-3

-2

0 1 2 3

Figure 3.8: Result of resolved sideband cooling. (a) shows the result before resolved
sideband cooling. there are some distributions in high n phonon state, so red side-
band is allowed. (b) shows that, after sideband cooling, red sideband is forbidden
because all phonon is trapped in |0) and no level to go.
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Figure 3.9: The path of our Raman laser system. Acousto-optical Modulators
(AOM) are used to add frequency different detuning to Raman 1 laser and Raman
2 laser in order to drive different sideband transition. Two Raman beams propagate
in opposite direction. Frequency stabilization is aimed to stable the frequency of
laser as far as possible.

— 24 —



Chapter 4

Quantum Damping: Model for Heating Effect

When it comes to quantum computation, one of the most important factor
we concern about is decoherence caused by environment, or interaction with en-
vironment, because the decoherence time determines the effective time to realize
quantum computation. In ion trap system, the decoherence of motional state has
been studied for a long time. In details the decoherence of motional state refers to
the distribution in certain phonon level will tend to flux to nearby levels. It turns

out to be a spread of distribution in motional state:

1.0 1.0

5038 5038

E E

= 06 = 06

(o} (o}

= 04 = 04

=} =}

5 5

£ 02 £ 02

(=™ (=™
Y T Rl -V Y T LY T R T R T i i TR ki 11

Quantum Number of Motional State Quantum Number of Motional State

(a) Initial state [n = 3) (b) Simulation result after 1000 us without

other Hamiltonian

Figure 4.1: Take initial |n = 3) for example. In the simulation, the parameters are
set up to experimental case. After only 1000 us, the distribution spread beyond our

expectation.

Meanwhile, the spread of phonon distribution accompanies with the increasing

of average phonon number. In this reason, this decoherence is regard as heating
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effect. The speed of average phonon increasing is called as heating rate.

In recent researches, the factors inducing heating effect have been studied for
a long time. The most convincing reason is the electronic noise in the trap[22].
Thermal electronic noise and fluctuating patch-potential noise have been studied
for heating dynamics. Several experimental parameters have also been considered.
Geometry of the trap[22], distance between ion and electrodes[22, 23], the frequency
of trap[22, 23| are part of factors affecting heating effect.

Actually the heating effect is regarded as a harmonic oscillator connecting to
a thermal amplitude reservoir [24]. It is called as quantum damping in quantum
optics. Based on Quantum Optics written by Scully[25], we derive and measure

the heating rate in our ion trap system.

4.1 Theory of Quantum Damping

Considering a system interacting with a reservoir, we can writing the Master

equation as:

ihpsr = [V (t), psl (4.1)

where S represents ”system” while R represents reservoir, \7(t) is the Hamiltonian of

interaction between system and reservoir. We can formally integrate the equation:

7

pSR<t>=:pSR<a>-—-ﬁQ/f[ﬁwtw,psg<ﬂ>kﬁ’ (4.2)

where ¢; is the beginning time of interacting. After inserting (4.2) into (4.1), we

find the equation

i%m:%W@mwm—%[WWWWmmWW’ (4.3)

If the system and the reservoir are independent, the density matrix can be easily

factored into a direct product psr(t) = ps(t) @ pr(t;), where we assume the reservoir
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at equilibrium. Due to weak coupling between the system and reservoir, we rewrite

density matrix as

psr(t) = ps(t) @ pr(t:) + pe(t) (4.4)

However, what we focus on is the density matrix of system, so we have the reduce
matrix ps = Trgrlpsr|. The master equation of the system can be derived:
: i =
ps = —%TTR[V(t%PS(ti) ® pr(ti)]
1 PN ~
— 5T [ PO.7(0).p5(t) © pnte)de
t.

7

(4.5)

For further discussion, the second term of the equation tells us that the reduced
density matrix also depends on the past history of the evolution from ¢; to t/,
described as Markov process. Fortunately, we assume that the damping process
destroys all the memories of past, so we can treat it as non-Markovian. The evolution

can be described as:

ps = —~Tri[U (1), ps(t:) © pi(ts)
~ @ Trn [ P17, os(0) ol wo)

For a certain case, we consider reservoir of harmonic oscillator which can be de-
scribed by operators /b\z and /l;k coupling to another harmonic oscillator described by

a' and @. So the Hamiltonian of interaction can be written as:

V(t)=hY_(gbae @) + gibpatel =) (4.7)
k

In this case, when the time scale we measure is larger than the period of harmonic

oscillator, it is fine to consider the process as non-Markov process|[26]. So we can
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substitute the interaction Hamiltonian into evolution equation (4.6) and obtain:
ps = —i y_ o[, ps(ti)]e
k
~ [t gugnlis(t) ~ Zans()a + pol)a]) x e~ o))
ti k!
+ [@a' ps(t') — @l ps(t)a] x e eIttt iy, )
+ [afaps(t) — apg(t)al] x el mltilwn)t (@kbb] + H.c.

(4.8)

If the reservoir is also in thermal equilibrium, the matrix pg can be represented

as:

hl/k hV/j?\Lgk
=11 —exp(=—— - 4.
PR 1;[[ exp( k:BT>] exp( T ) (4.9)
So we can easily get:
(b) = (0}) =0
(BLb) = kO
<AkAL> = (Mg + 1) 0 (4.10)

(4.11)
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Inserting (4.10) into (4.8), we obtain:

ps =
t
= [t S Pl@aps(t) - @ps(talme N (41g)
ts Lk
+ [ataps(t') — aps(t)al)(m, + 1)) 4 Hoe,

To sum over the k, we can replace sum by integral through all k£ space.

2 ™ 00
> —>2(2L3/ dgb/ desine/ dk K (4.13)
A )% Jo 0 0

So the final evolution equation is

. I . ~ SN
ps(t) = —”thE[aaTPs(t) — 2a' ps(t)a + ps(t)aa']
- (4.14)
= (un + 1)z [@'aps(t) — 2aps(t)a’ + ps(t)a'al
where
Mg = Ty (b = w/c) (4.15)

4.2 Damping in Ion Trap system

Now we discuss the damping happening in our system. We still consider the

total Hamiltonian applying on trapped ion,
H=H,+H.+H, (4.16)
where ﬁd is Hamiltonian of random electric field applying on the ion
Hy =" gube™ ™0 + H . (4.17)
k
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k represents the mode of electric field existing in the trap. Like what we do in

deriving Raman transition, we transform into interaction picture:

iy = D1 A,D,

)~ ~ ~ oa |~ ~ 4.18
= exp [%(Hm + He)][%: b’ ™) 4 H e exp [—%(Hm + H,.)] (4.18)
It is obvious that [H,, Hy] = 0 because of [Gz,gk/glt] = [0.,2] = 0. So the term

of exponent including H, vanishes. The left term of the interacting Hamiltonian

becomes (For convenience we just discuss one mode) :

HDk _ gkbke wkt sz/ﬁ ikT ZHm/ﬁ+g bT wkte—if[m/he—ikﬁ:\eiﬁm/h (419)

Inserting (3.6) into (4.19) with low orders expanding, we obtain the final form of

the Hamiltonian:

I/—-\IDJC = gkgke_wkt + Q*ZT et

zngkabT —ily—w)t (4.20)

—vp)t _

+ Z?]gk/a\T/b\k ei(”

+ ingka/l;kefi(u Vi)t mgkaTbT i(v+vg)t

The first two terms are nothing with interaction so they can be rescaled. The last
term can be neglected because of rotating-wave approximation. The final form of

interacting Hamiltonian is:
Hp=Y Hpi= [Gra'be™ )" + Grabje "¢~ (4.21)
k k

on substituting Gy = ings

Now comparing (4.21) with (4.7), we find that these two Hamiltonian are the
same. Considering it is thermal equilibrium in trap space, we assume that the modes
of random electric fluctuation are also thermal equilibrium. So we can directly

obtain that without other driven Hamiltonian, the density matrix will evolve in
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the way described in (4.14). If we take other driven Hamiltonian, just like Raman

transition, into account, the Master equation is like:

__lum
p=—lp Hil )

| N o em _ | N SN bn
— ﬁthg[a(ﬂp — 2a'pa + paa'] — (g, + 1)§[aTap — 2apa’ + pa'al

4.3 Solution to Quantum Damping

Based on the Master equation (4.22), we analysis pure damping process at first

(with H; = 0). The evolution equation we have got is:
N N T v O BT P P Sy
p= —Enth[aa p — 2a'pa + paa'] — 5(1 + ) [a"ap — apa' + pa'al (4.23)

In fact it is hard to get exact solution of this equation. Instead of solving this
equation directly, we transform it into P-representation, which is one of the most
important representation in quantum optics. In P-representation, a density matrix

can be represented as:

p= /P(a,a*)\a)(a\dza (4.24)

Inserting (4.24) into (4.23), we have

/P(a,a*,t)\a)(a|d2a

= —Eﬁth/P(a,a*,t)(/dEHa)(M — 2a'|a){ala + |a){(alaa)d*a (4.25)

2
r
- 5(1 + 7)) | Plo, o t)(@'a]a) (ol — 2a|a)(ala’ + |a)(alata)d®a
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After substituting the relations below,

ala)(al = ala)(al

ZL\T|06><04| — (5%+Oé*)’a><a‘ (4.26)
a}{afa’ = a’|a){al

la)afa = (5~ + a)la){al
we simplify the equation and obtain:
/P(a,a*,t)]a><a|d2a =
r 9 9 e ) (4.27)
-p * YV —o— — a — Dy ——
[ GPlaat Dagt — a5 22 laalda
Through integration by parts, we can simplify it further more
/P(a,a*,t)]a><a|d2a =
r o 0 o?
/g(a—aa b + 2 o) Pla o, o) (alda (4.28)

(4.29)

Now it is still hard to solve the equation (4.29). In order to understand the
result of quantum damping, we want to know how the state becomes after enough
time for damping. The steady solution can satisfy our needs. Assuming P = 0, we

have steady equation:

2
P90t 9 o omn—2 yp—o (4.30)
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Considering the solution in Gaussian form:
—_—) (4.31)

Inserting (4.31) into (4.30), we get

(1 = Moy Tanllal” +aof) — plaf® | (aag +aao) (2nu, — 1)

= 4.32
I 2u 2u 0 )

It should be established for any « value. The only satisfied solution is

= T, ap=0 (4.33)

So the final steady solution is

1 al?
Psteady(av Ck*) = ——€eXp (_l__|) (434)

Figure 4.2: Steady solution in P-representation.

Fortunately, (4.34) is the P-function of thermal state with average phonon
number 7ny,. Because the initial P-function is not specific, so this steady solution
is applicative for any initial state. This point means that, whatever initial state is,

after enough time for quantum damping (without any other driven Hamiltonian),
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the state will develop into thermal state. Especially, for an initial thermal state,

the state will keep in thermal with n,, increasing.

Now we discuss about increasing of average phonon number in quantum damp-

ing process. As I mentioned before the average phonon number express as:

() = i =D ipi (4.35)

It is obvious that p;; = |¢;|> = p; in Fock state basis. So at the same way we
transform (4.23) into Fock state basis, by multiplying (i| and |i) at right and left,

the result is
i = —I'un[( 4+ 1)p; — ipiz1]) — D(Aen + 1) [ipi — (4 4+ 1)piya] (4.36)

We can derived the rate of average phonon changing over time:

' (4.37)
= i[—Trwm[(@ + 1)p; — ipima] — T(un + 1) [ip; — (4 + 1)pita]]

After reforming, we can simplify (4.37) as

(i) = = [i(i + Dl gwp; — (i + 1)°T (R, + 1)ps

i

+ T (e, 4+ 1)p; — i(i — 1)T (e, + 1)py]

(4.38)
= [Fﬁth — F(ﬁth + 1)] Z sz + Fﬁth sz
= —F<n> + Fﬁth
(4.38) can be easily solved, the common solution is
(n(t)) = nen — (Mgn — Mig)e ™" (4.39)
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where 1y = (n(0)) is given as boundary condition.

Assuming T't is small enough, so (4.39) can be approximated as

(n(t)) = ng + (A — Ro)t (4.40)

(n(t)) = I'(fy, —no) is called as heating rate. Especially, when 7y, > 719, the heating

rate is approximately equal to I'ng,

i n =3

5]

-

I

average phonon number<n>#10°
age p

0.0 0.5 1.0 1.5 2.0 25 3.0
time (units of I't)

0.10

average phonan number<n>#10°"
age p

0.00
0.00 0.02 0.04 0.06 0.08 0.10

time (units of I't)

Figure 4.3: The increasing of average phonon number. The upper one shows the long
time process of phonon increase. The blue solid line shows the phonon increasing
with time and will reach the phonon number of the reservoir (black dashed line)
for infinity time. The lower one shows the linear approximation of increasing is
proper in short time process (red dashed line). But deviation is obvious for long
time process (shown in upper one).

That means, for I't is small enough, the average phonon number increase lin-

early at the speed of I'ny,. So does the temperate increase linearly too. It is easy to
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understand why researchers regard quantum damping as a heating effect in the ion
trap system. Moreover, because the off-diagonal terms of density matrix of thermal
state are all zero, so the quantum damping will also destroy the coherence between
phonon state of the initial state.

Finally, considering there are still other heating effects in the system just like

collision with gas molecule, the actual value of I'c ¢ is larger than what we get above.

4.4 Experiments in Ion Trap System

4.4.1 State Preparation

After Optical pumping, Doppler cooling and resolved sideband cooling, the
final state of ion is |0). Then with series 7 pulse of blue sideband transition and
carrier sideband transition, ideally we can get any |n) we want.

Considering several effects will affect our process, just like imperfect sideband
transition (make error both in sideband cooling and high n state preparation) and
damping process, so the prepared states are not perfect in state we want. We define
infidelity as 1—,/p,, where p, is the population in the Fock state. In this experiment
the value of n is up to 5. The infidelities of the prepared Fock states are showed in

Table 4.1

Table 4.1: Infidelities of Fock State Preparation

n 0 1 2 3 4 5
Measured infidelity(%) 2.3 2.8 52 39 7.8 104
Simulated infidelity(%) 1.4 1.7 2.5 29 57 87

4.4.2 Phonon Reconstruction

After state preparation, we wait certain time (from hundreds of microseconds

to thousands of microseconds) for quantum damping process. After that, we drive
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blue sideband transition and detect its Rabi oscillation. The next problem is that
how we can reconstruct the phonon distribution through the result of Rabi oscilla-
tion. According to (3.13), the Rabi oscillation is composed of several independent
oscillation with certain Rabi frequency €2, ,,+1. So the Fourier transformation is a
choice to realize the phonon reconstruction. However because of damping process,
there are some corrections to (3.13). The experimental results of Rabi oscillation

are in the form of:

Prawp(t) =)

n=0

pull — e cos(Qppiit)] (4.41)

N | —

So we can use fitting method to reconstruct phonon distribution[27], the fitting

equation is:

1 N=Nmax

X2 = N Z (PT,bsb(pna Tns Qn,n—H) - Pmeasure)2 (442)

n=0
Where N is the number of points on the blue transition curve. The aim of fitting
is to find the minimum of (4.42). the 7,4, is the cutting for the fitting when there
is almost no distribution in high phonon number. And we assume -, = v for any

quantum number n.

However another problem of fitting is €2, ,+1. One way is that we choose the

approximate form €2, ,,.1 = 7€2y/n + 1. Another way is to use exact form:

1
Qi1 = Qe 2y | ——LL (1 4.43
n+1 0€ n ntl n(ﬁ) ( )

Obviously the second way is more precise. In order to determine the value of 7, we
prepare enough Fock state from |n = 0) to |n = 20) then detect Rabi oscillation
to get the value of Rabi frequency of each motional state. We fit the data by the
equation of (4.43) and find the 7 ~ 0.098.
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40 Yn+l
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n

Figure 4.4: Q,, ,,4+1 for different n. The red line is obtained by fitting the measured
blue sideband Rabi frequency (dots) with the exact formula and the blue line comes
from the approximate expression of v/n + 1

Finally, the fitting parameters include p,, v and €)y. The set of p, making

(4.42) minimum is the phonon distribution we want to obtain.

4.4.3 Experimental Results

Our steps to measure the damping progress are:

1. Preparing Fock state from |n = 0) to |n = 5).

2. Waiting certain time for quantum damping process (waiting time is equal to
0, 250, 500, 750, 1000, 1500, 2000, 3000, 4000, 5000, 6000, 7000 wus).

3. Applying blue sideband transition after certain time.

4. Reconstructing phonon distribution by analyzing the interference pattern from
different frequencies of Rabi oscillation depending on motional quantum num-
ber.

First we measure the quantum damping process of |0), which as I mentioned
before the state will keep in thermal over the whole damping process. So we obtain
the Rabi oscillation of blue sideband transition at each certain time, then reconstruct

the phonon distribution of each time. Additionally, for thermal state, the phonon

— 38 —



JE R AR AR BB 3L 4.4 Experiments in Ion Trap System

distribution is

Pn = (nn)" /(g + 1) (4.44)

where ny, is average phonon number and n is quantum number of motional state.
Finally we fit the phonon distribution again by the form (4.44) then get the average
phonon number of each time. The results of Rabi oscillation and reconstruction of

phonon distribution are shown below:

Blue Sideband

PR ) § |

Pr

0 S50 100 150 0 1 2 3 4 5§ 6 7 8 9 10

(a) t=0 us

Blue Sideband
P
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4.4 Experiments in Ion Trap System
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Figure 4.5: Quantum damping process of initial thermal state |0).

To fit the phonon distribution of each time, we get the average phonon number

at certain time:
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Table 4.2: Average phonon number in quantum damping

time (us) (n)

0 0.103 £ 0.059
250 0.106 £ 0.033
500 0.179 £ 0.045
750 0.188 £ 0.026
1000 0.223 £ 0.026
1500 0.311 £ 0.063
2000 0.352 £ 0.023
2500 0.483 £ 0.100
3000 0.445 £ 0.045
4000 0.771 £ 0.090
5000 0.903 £+ 0.122
6000 0.727 £ 0.083
7000 0.870 + 0.126

According to Table 4.2, heating rate can be obtained if we fit the data in the

form of (4.40), with fg, — fig & figy:

= = =
o ) =)

&
'

Average Phonon Number

0 2000 4000 6000 8000
time (s)

Figure 4.6: Average phonon number increases over time with initial state |0). The

increasing can be nearly regarded as linear increasing.
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According to the fitting result, the heating rate I'ny, is approximately equal
to 121 Hz. Actually damping process of |1) to |5) also has been done. In order
to understand process of quantum damping more intuitively, we also simulate the
process of quantum damping in Mathematica. To compare the results between

simulation and experiment, we plot them together:
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(b) Initial state |1)
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Figure 4.7: Evolution of phonon distribution by quantum distribution. (a) to (f)
represents initial state from |0) to |5) separately.

It is obviously to see that the results of simulation and experiment are consis-
tent. We also notice that, with increasing of the quantum number of initial state,
the damping speed also increase. According to (4.36), we find that the rate from
[n) to |n — 1) and from |n) to |n + 1) is proportional to v/n and \/n + 1, which is
the result of @ and @'. Thus for the state of high quantum number, the spreading

of distribution is more fast.
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Conclusion

The quantum damping is just the simplified model of motional decoherence and
heating effect in ion trap system. Although the decoherence caused by quantum
damping will destroy the phase relationship between motional state, reduce the
efficiency of quantum detection. Sometimes it is helpful when we want to generate
some special state. Take thermal state for example. As I mentioned before, the
state will keep in thermal if the initial state is thermal state. For the state after
ideal optical pumping, ion is located at |0) which is the simplest thermal state for
n = 0. So if we generate |0) at first, without other driving Hamiltonian, we can get

any thermal state with any average phonon number theoretically.

For our recent research about quantum Jarzynski equality[28], an initial ther-
mal state is required. If we apply a force on the ion, the work (W) done on the
ion and the difference of the free energy AF between initial state and state after

obtaining work have relationship below:

<€—(W—AF)/kBT> — 1 (51)

Jarzynski equality is the generalization of Clausius inequality. The former can be
applied to any situation even far-away from equilibrium, while the latter is only

suitable for equilibrium for W = AF.

Additionally, on the one hand, we will do further research on Crooks fluctuation
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theorem[29], which thermal state is still required. On the other hand, lowering the
heating rate is also required for more precise experiment, for example the projective

measurement and the construction of Wigner function[30].
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