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Abstract

The phase stability and site preference of Cu in ScCu Al were studied based on the pair potentials obtained by the lattice inversionx 122x

method. The lattice constants of ScCu Al with the contentx were calculated and the results are in good agreement with experiment.x 122x

The properties related to lattice vibration, such as the phonon density of states, specific heat and vibrational entropy, were also evaluated.
The Debye and Einstein temperatures were used to characterize the acoustic branches and optic branches, respectively. In addition, several
simple mechanical properties were investigated.
   2002 Elsevier Science B.V. All rights reserved.
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1 . Introduction vibrational entropy, Einstein temperature and Debye tem-
perature were obtained from the calculated DOS. Section 2

In 1997, ScCu Al alloys were obtained for the first introduces the calculation methodology. Section 3 showsx 122x

time by Suski et al. [1]. These materials exist as single- the calculated results of site preference by the energy
phase materials for the composition range 4# x # 6.15. criterion. Section 4 calculates the lattice constants. The
They crystallize in the tetragonal ThMn -type structure, results were compared with experimental data and the12

which belongs to theI4/mmm space group (Fig. 1). There agreement is good. Sections 5 and 6 give the bulk
are 26 atoms (two molecules) per unit cell. Sc atoms modulus, the phonon spectra and relevant properties of
occupy 2a sites, Cu and Al atoms 8f, 8j and 8i positions. ScCu Al , the structures of which were determined asx 122x

Experimentally, the site occupancies of the atoms in in Section 4.
ternary compounds of rare earths are investigated mainly

¨by X-ray powder diffraction [2–5], Mossbauer spectros-
copy [6] and neutron diffraction [7–9]. The atomic dis-
tribution can also be deduced from empirical laws such as
the atomic radius, atomic magnetic moment and formation
enthalpy [10–12]. In this work, the preferential occupation
of Cu in ScCu Al alloys was evaluated by the inter-x 122x

atomic potentialsF (r), F (r), F (r), F (r),Sc–Sc Sc–Cu Sc–Al Cu–Cu

F (r) and F (r) obtained using Chen’s latticeCu–Al Al–Al

inversion method [13–16]. The results show that it is a
simple and effective method for exploring the site prefer-
ence in complex systems. In addition, the phonon density
of states (DOS) of ternary rare earth intermetallic com-
pounds with ThMn -type structure is presented with the12

relevant potentials for the first time. The specific heat,
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E-mail address: kangyanmei@tsinghua.org.cn(Y.-m. Kang). Fig. 1. Crystal structure of the ThMn -type compound.12
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Table 12 . Methodology
The potential parameters acquired by the inversion method

˚Potential types R (A) D (eV) aIn the early 1980s, Carlsson et al. initially proposed an 0 0

inversion technique for obtaining the parameter-free pair Sc–Sc 3.4997 0.4465 1.1812
potential [17]. However, the expression for their pair Cu–Cu 2.5953 0.4952 2.0266

Al–Al 3.0059 0.4232 1.4836potentials includes infinite summations, each of which
Sc–Cu 3.1252 0.5124 1.3686contains infinite terms. This made it inconvenient for
Sc–Al 3.3507 0.4608 1.2083

analysis. In the mid-1990s, Chen et al. proposed a conciseCu–Al 2.8654 0.4100 1.6117
inversion theorem to avoid the above shortcomings [13–
16].

Incorporation) were performed on the basis of an aug-2 .1. Lattice inversion method
mented spherical-wave method [22–25] within the local
density functional theory. The cohesive energy is obtainedChen’s inversion theorem has been applied successfully
fromto study the field-ion microscopy image of Fe Al analysis3

[14,18], the site preference of ternary additions in Ni Al3 E(x)5E (x)2E (`) (6)tot totand Fe Al [19,20], and the lattice dynamics of zinc-blend-3

type binary compounds [21]. For the readers’ convenience, A series of functionsE(x) are calculated with various
a brief introduction to this lattice inversion method is given ˚lattice constants at equal intervals of 0.1 A. In each case,
below. for generating the total energy, more than 80k-points in an

Suppose that the crystal cohesive energy can be ex-irreducible Brillouin zone are taken into account in a
pressed as the sum of interatomic pair potentials: self-consistent calculation. The data are then fitted on the

` basis of Rose functions [26]. The obtained pair potential
1
]E(x)5 O r (n)F [b (n)x] (1) can generally be described by the Morse function:0 02

n51

F(R)5D hexp[22a(R2R )] 2 2 exp[2a(R2R )]j (7)where x is the nearest-neighbor distance,r (n) is the 0 0 00

coordination number of thenth neighbor,b (n)x is the0 whereR is the distance between two atoms, andD , a, and0distance of thenth neighbor,b (1)5 1. The serieshb (n)j0 0 R are parameters. The potential parameters are listed in0can be extended into a multiplicatively closed semi-group
Table 1. To provide an intuitive impression, the calculatedhb(n)j. In hb(n)j, for any two integersm andn, there exists
interatomic potentials are shown in Fig. 2.a sole integerk satisfying b(k)5 b(m)b(n). Then Eq. (1)

can be written as
2 .3. Calculation method for DOS and thermodynamic`

1 parameters]E(x)5 O r(n)F [b(n)x] (2)2
n51

In the harmonic approximation of the lattice dynamics,where
the secular equation of the lattice vibrations can be written

21r (b [b(n)]) if b(n)[ hb (n)j0 0 0 asr(n)5 (3)H0 if b(n)[⁄ hb (n)j0

and the pair potential from inversion can be written as

`

F(x)52O I(n)E[b(n)x] (4)
n51

where I(n) is determined by

b(k)21 ]]O I(n)r b 5d (5)S F GD k1b(n)b(n)ub(k)

I(n) is related only to the crystal geometrical structure, not
to a concrete element category, i.e.hI(n)j is uniquely
determined byhr (n)j and hb (n)j.0 0

2 .2. Acquisition of the cohesive energy curve

In this work, the total energy ab initio calculations
Fig. 2. Potentials of Sc–Sc, Sc–Cu, Sc–Al, Cu–Cu, Cu–Al, and Al–Al.(ESOCS 4.0 program provided by Materials Simulation
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v2 mdetuD (q)2v d d u5 0 (8)ab,km ab km E g(v) dv 53N
wherev is the angular frequency andq the wave vector. 0

D (q) is a dynamical matrix and its elements are writtenab that is, the integral is performed in the complete phononas
density of states. In fact, the Debye model was initially

21 / 2 proposed for approximating the low-temperature propertiesD 5 (M M ) O F exp[2iq ? (R 2R )]ab,km k m ab,ik, jm i j of materials. It essentially does not reflect the high-fre-R 2Ri j

quency properties of materials. Therefore, the Debye
(9)

model is used for acoustic branches [27]. In this approxi-
mation, it only represents the contribution from the acous-whereF is the force constant,R , R are positions inab,ik, jm i j vmtic branch, i.e.e g(v) dv 5 3. In the same way, the0the ith and jth cell, andk, m represent different atoms in
Einstein temperature characterizes the optic branch forthe same cell. Using the interatomic pair potential, the
higher temperature; in other words, the newly definedforce constant can be expressed as
Debye temperatureQ is determined only by the acousticMD

F 5 branches and the Einstein temperatureQ by the opticab,ik, jm ME

branches of the lattice vibration instead of the completeR R R R1 1a b a b
] ] ] ]F9 (R)2 F 99 (R)2 F 9 (R)d if R± 0S Dk,m k,m k,m ab3 2 phonon spectra. In this case, the specific heats corre-2 RR R

sponding toQ andQ can be expressed as52 O F 2O O F if R5 0 (R 5R , r 5 r ) MD MEab,im,ik ab,ik,im i j k m
kk±m i±j

Q /TMD
4 x(10) x e3 ]]]C 59k (T /Q ) E dx (15)V B MD x 2(e 2 1)whereR5 uRu5 uR 2R 1 r 2 r u, r , r are the relativei j k m k m 0

positions of the different atoms in the same cell,F (R) iskm andthe pair potential between thekth andm th atoms, andf9
Q /TMEandf0 are the first and second derivative ofF, respective- e2]]]]C 5 (3N 2 3)k (Q /T ) (16)V B ME Q /T 2ly. ME(e 2 1)

The phonon dispersionv(q) is given by Eq. (8). Then
the density of statesg(v) can be acquired fromv(q). The

3 . Site preference in ScCu Alspecific heat and vibrational entropy can be written as x 122x

`
2 "v /k TB Based on the above formulism, we may evaluate the site("v /k T ) eB

]]]]]]C (T )53Nk E g(v) dv (11) preference in ScCu Al . For convenience, let us firstV B "v /k T 2 x 122xB(e 2 1)
0 consider ScAl . Despite the structure of ScAl being12 12

metastable, it can be considered as the intrinsic structure of
T

ScCu Al . In the calculation the long-range interactionC (T 9) x 122xV
]]S(T )5E dT 9 (12) and coordination relations of atoms are considered. As aT 9

0 sample system we chose (ScAl ) as the crystal cell with12 16

periodic boundaries in order to reduce statistical fluctua-In the conventional Debye model, the Debye tempera-
tions, and we introduce relaxation governed by the inter-tureQ can be defined by"v 5 k Q . The specific heatD m B D action of pair potentials, using the conjugate gradientcan be written as ˚method with a cut-off radius of 14 A. Within the com-

Q /TD position rangex , 4, the Cu atoms randomly occupy 8i, 8j
4 xx e3 and 8f sites. The crystal energy is the average of 100]]]C 53Nk (T /Q ) E dx (13)V B D x 2(e 21) samples and is shown in Fig. 3. This clearly shows that the

0
cohesive energy is lowest when Al atoms at the 8i sites are
replaced by Cu withinx , 1. In the range 0, x , 4, theSimilarly, in the conventional Einstein model, the
cohesive energy decreases when the 8f sites are occupiedEinstein temperatureQ can be defined by"v 5 k Q .E E B E

by Cu, while it increases when Cu occupies the 8i and 8jThe specific heat can be expressed as
positions with increasing Cu content. In the range 1# x #

Q /TEe 4 the cohesive energy is lower when Cu atoms are2]]]]C 53Nk (Q /T ) (14)V B E Q /T 2E substituted for Al on the 8f sites rather than for Al on the(e 2 1)
8j and 8i sites. This indicates that the Cu atoms pref-

where N represents the number of atoms in each cell. erentially occupy the 8f sites based on energy considera-
There are three acoustic branches and 3N 23 optical tions when x is within 1 and 4. This accords with
branches. Conventionally, in the Debye model,v is experiments on several rare earth compounds [2,7,28,29].m

determined by In the composition rangex . 4, four Cu atoms have
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4 . The stability of ScCu Al4 8

In the calculation procedure, the initial lattice constants
of the metastable ScAl are randomly chosen in a certain12

range. Under the influence of the interatomic potentials,
energy minimization is performed using the conjugate
gradient method. The results show that the space group is

˚I4/mmm within a tolerance of 0.001–0.1 A. The tolerance
ranges indicate the atomic derivation distance, which can
be viewed as the errors in the process of determining the
space group of the compound. The lattice constants after

˚ ˚stabilization area59.243 A,c55.252 A,a 5b 5g 5 908
(Table 3). The presence of a certain amount of randomness
of the initial structure and the stability of the final structure
illustrate that ScAl has a topological invariability with12

respect to the stable ScCu Al . We applied a similar4 8
Fig. 3. Site preference of Cu in ScCu Al .x 122x procedure to ScCu Al . The lattice constants after stabili-4 8

˚ ˚zation are a59.075 A, c54.956 A, a 5b 5g 5 908
Table 2 (Table 4). The ThMn -type structure is retained and the12
Calculated cohesive energy of ScCu Al after relaxationx 122x lattice constants are in good agreement with experimental
x 0 4 4.85 5.5 6.15 results after relaxation. It also demonstrates that the

interatomic pair potentials are reliable for the study of theEnergy (eV/atom) 23.560 23.652 23.674 23.690 23.707
structural characteristics of materials.

According to the results for site preference, the lattice
constants for ScCu Al (x $ 4) were calculated whenx 122x

already occupied the 8f sites based on the above analysis, the 8j sites are randomly occupied by Cu atoms besides the
so the remaining Cu atoms can only occupy the 8i or 8j four Cu atoms occupying the 8f sites. The calculated
sites. The calculated cohesive energy is shown in Fig. 3 results are the average of 100 samples and are shown in
when Cu atoms occupy 8i, 8j and 8i18j sites, respective- Table 5 together with those for ScAl and the experimen-12

ly. The energy increases withx when the 8i sites are tal data. From Table 5, one can see that our results for
occupied by Cu atoms and remains constant when the 8i ScCu Al (x 5 4, 4.85, 5.5, 6.15) are in agreement withx 122x

and 8j sites are occupied at the same time. The energy experiment. The calculated lattice constants are smaller
decreases almost linearly when the Cu atoms are substi- than those of ScAl . The largest deviation ofa is 4.84%,12

tuted for Al atoms at the 8j sites. The results agree with while that ofc is 1.02%. The calculateda parameter is
experiment [29]. Therefore, whenx . 4, the Cu atoms larger than the experimental value, whilec is smaller. The
occupy 8j sites. The cohesive energies with different Cu error can be explained by the fact that the structures of
content for ScCu Al are listed in Table 2 according to these single-phase materials with ThMn -type structurex 122x 12

the site preference. display a slight orthorhombic distortion [1]. In addition, it

Table 3
Crystal constants of ScAl12

Initial states Final states

a, b, c a, b, g Space a, b, c a, b, g Space
˚ ˚(A) (deg) group (A) (deg) group

2.5, 2.5, 1.25 90, 90, 90 I4/mmm 9.243, 9.243, 5.252 90, 90, 90 I4/mmm
18, 18, 10 90, 90, 90 I4/mmm 9.243, 9.243, 5.252 90, 90, 90 I4/mmm

]
9, 9, 5 80, 70, 130 P1 9.243, 9.243, 5.252 90, 90, 90 I4/mmm
2.5, 2.5, 1.25 50, 50, 50 C2/m 9.243, 9.243, 5.252 90, 90, 90 I4/mmm

]
15, 15, 7.5 110, 90, 80 P1 9.243, 9.243, 5.252 90, 90, 90 I4/mmm

]
3, 3, 4 120, 80, 70 P1 9.243, 9.243, 5.252 90, 90, 90 I4/mmm

]
16, 9.5, 10 70, 80, 110 P1 9.243, 9.243, 5.252 90, 90, 90 I4/mmm

]
3, 12, 7 80, 80, 70 P1 9.243, 9.243, 5.252 90, 90, 90 I4/mmm

]
16, 6.5, 4 70, 70, 70 P1 9.243, 9.243, 5.252 90, 90, 90 I4/mmm

]
3, 4, 10 80, 80, 65 P1 9.243, 9.243, 5.252 90, 90, 90 I4/mmm

]
14, 15, 8 80, 95, 130 P1 9.243, 9.243, 5.252 90, 90, 90 I4/mmm
20, 20, 20 75, 50, 85 C2/m 9.340, 9.254, 15.384 25.5, 63.4, 60.5 C2/m
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Table 4
Crystal constants of ScCu Al4 8

Initial states Final states

a, b, c a, b, g Space a, b, c a, b, g Space
˚ ˚(A) (deg) group (A) (deg) group

2.5, 2.5, 1.25 90, 90, 90 I4/mmm 9.075, 9.075, 4.956 90, 90, 90 I4/mmm
18, 18, 10 90, 90, 90 I4/mmm 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
9, 9, 5 80, 70, 130 P1 9.075, 9.075, 4.956 90, 90, 90 I4/mmm
2.5, 2.5, 1.25 50, 50, 50 C2/m 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
15, 15, 7.5 120, 90, 70 P1 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
3, 3, 4 140, 80, 70 P1 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
16, 9.5, 10 70, 80, 110 P1 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
3, 12, 7 80, 80, 70 P1 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
16, 6, 4 70, 70, 70 P1 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
3, 4, 10 80, 80, 65 P1 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
14, 15, 8 80, 95, 130 P1 9.075, 9.075, 4.956 90, 90, 90 I4/mmm

]
20, 20, 20 55, 55, 50 C2/m 15.281, 16.916, 13.087 47.4, 62.2, 48.5 P1

Table 6can be seen from Fig. 3 that, when the content of Cu is
Elastic constantsC and bulk moduli for ScCu Alij x 122xsmall, the cohesive energy is lowest when the 8i sites are
Material Elastic constants,C (GPa) Bulkoccupied by Cu, which may suggest that the 8f sites are the ij

modulusmajority sites for Cu, but a small proportion of 8i or 8j
C C C C C C (GPa)11 12 13 33 44 66sites are also occupied by Cu. This was proposed in Refs.

ScCu Al 307 61 92 300 74 54 155.6[7,28] for experiments with rare earth compounds. In our 4 8

ScCu Al 320 67 97 316 78 56 163.54.85 7.15calculations, the structure of ScCu Al is assumed to bex 122x ScCu Al 330 71 100 329 82 57 169.75.5 6.5an ideal ThMn -type structure. This assumption may12 ScCu Al 342 77 103 342 87 59 176.66.15 5.85
result in a deviation of the calculations from experiment.

5 . Elastic properties of ScCu Al 6 . Phonon density of states of ScCu Alx 122x 4 8

Generally, the mechanical properties of these com- It can be inferred from the above calculations that the
pounds can hardly be measured experimentally because of site preference and lattice constants of ScCu Al evalu-x 122x

their brittleness. It requires a huge computer capacity to ated using the interatomic pair potentials agree well with
calculate them by an ab initio method due to their complex experiment, which demonstrates that the potentials are
structure, even for the simplest mechanical properties. In reliable. Therefore, these potentials can be applied to
this work we evaluated the elastic constants and the bulk calculate the lattice dynamic properties of ScCu Al4 8.

moduli of ScCu Al (x 54, 4.85, 5.5, 6.15) from pairx 122x

potentials. The results are listed in Table 6.
From Table 6, one can see that the components of the

elastic modulus increase with the Cu content and the bulk
moduli also increase almost linearly for ScCu Al (Fig.x 122x

4).

Table 5
Comparison between the calculated and experimental lattice parameters
[1] a and c for ScCu Alx 122x

x a c

Calc. Exp. Err. Calc. Exp. Err.
˚ ˚ ˚ ˚(A) (A) (%) (A) (A) (%)

0 9.243 – – 5.252 – –
4.0 9.075 8.656 4.84 4.956 5.000 0.88
4.85 8.990 8.642 4.03 4.935 4.986 1.02
5.5 8.927 8.612 3.66 4.920 4.966 0.93
6.15 8.863 8.583 3.26 4.906 4.952 0.93

Fig. 4. Bulk modulus of ScCu Al .x 122x
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6 .1. Calculated results of phonon density of states for
ScCu Al4 8

In this subsection, we calculate the phonon density of
states about ScCu Al in the crystal cell ScAl including4 8 12

26 atoms. Fig. 5 shows the results of considering the
contribution to the DOS of distinct atoms, including Al
atoms at different crystalline sites. It can be seen that the
highest frequency of ScCu Al is 12.90 THz and there are4 8

four apexes around 4.2, 6.2, 7.9 and 10.0 THz, respective-
ly. For two localized modes the frequencies are higher than
10.5 THz. The ratio of the modes excited by Sc, Cu, 8i Al,
and 8j Al is 1:4:4:4 in the total frequency range. However,
Sc only contributes to the modes below 7 THz. In the
range 0–4.9 THz, the largest contribution is made by Cu,
while in the range 5–8.5 THz, that of Al at the 8i sites is

˚Fig. 6. Enlarged diagram for part of Fig. 2 with 2.2# x # 4.15 A.larger than that of the others, and the contribution of Cu is
not different from that of Al at the 8j sites. Between 8.5
and 10.5 THz, the modes excited by Al at the 8i and 8j
sites, almost equal, are much larger than those excited by
Cu atoms. It should be noted that, in the higher frequency 6 .2. Specific heat, vibrational entropy, Debye
range 10.5–12.9 THz, the modes are mostly caused by 8j temperature and Einstein temperature of ScCu Al4 8

Al, and the ratio of the contribution from Cu, 8i Al and 8j
Al is approximately 4:1:22. The specific heatC (T ), the vibrational entropyS(T ),V

One can analyze qualitatively the localized modes from the Debye temperatureQ (T ), Q (T ), and the EinsteinD MD

interaction potentials by only considering the nearest temperatureQ (T ), Q (T ) of ScCu Al can be calculatedE ME 4 8

neighbors in Fig. 2. The distances between the 8j Al atom based on Eqs. (11)–(16). The results are shown in Figs.
and the nearest four Cu atoms, two 8j Al, two 8i Al and 7–10, respectively. It can be observed from Figs. 7 and 8

˚eight Sc atoms are 2.60, 2.77, 2.78 and 3.16 A, respective- that the specific heat and vibrational entropy are mainly
ly. From Fig. 6 it can be seen that Cu reacts more strongly contributed from acoustic phonons at lower temperature
with the nearest neighbor 8j Al atoms than with the 8i Al and by optical phonons at higher temperature. Figs. 9 and
atoms. We may assume that the Cu atom is motionless due 10 give the Debye temperature and Einstein temperature of
to its large mass relative to Al. Then the 8j Al atom, ScCu Al . The Debye temperature at near 0 K and the4 8

restricted by Cu in the Cu–Al potential well, with light Einstein temperature at about 500 K are indicated in the
mass shows local modes and corresponds to higher trans- figures. Conventionally, both the Debye temperature and
verse frequency. the Einstein temperature are obtained from global phonon

spectra, and the former is always higher than the latter. In

Fig. 5. Phonon density of states of ScCu Al . Fig. 7. Specific heat of ScCu Al .4 8 4 8
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7 . Conclusion and discussion

This research applies the lattice inversion method to
obtain the interatomic potentials related to rare earth
compounds based on first principle calculations, which
does not rely on experimental data. The site occupancies
were calculated according to these potential parameters. It
shows that the cohesive energy of ScCu Al is much lower4 8

than that of ScAl when the Cu atoms occupy all 8f sites.12

This can explain the existence of stable ScCu Alx 122x

phases whenx is equal to or slightly larger than 4.0. The
calculated lattice constants for ScCu Al agree with thex 122x

experimental data within a relative error of about 4%. In
addition, we have also utilized the same potential parame-
ters to evaluate the phonon density of states of ScCu Al ,4 8Fig. 8. Vibrational entropy of ScCu Al .4 8 and obtained its vibrational entropy, Debye temperature
and Einstein temperature. This provides some information
on the vibrational properties of rare earth compounds,
which are difficult to calculate and measure due to the low
symmetry of the complex structure and the necessity of
involving many parameters in other approaches. On the
other hand, with the simplified calculation model em-
ployed in this research, it is difficult to solve problems
such as the solubility and occupation fraction, because it
only includes the energy and other factors and does not
contain, for example, the temperature.
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